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Abstract
We begin by providing some necessary mathematical background and defining
Gaussian measures. Reproducing kernel spaces are then introduced and a proof of
their existence and uniqueness is provided. Finally, we use these concepts to prove
a fundamental result about the Gaussian white noise expansion.

1 Background

In this section, we briefly provide the reader with a few definitions and a basic result
which will be useful later. These concepts lie mostly within the domain of functional
analysis. Readers looking for a (much) more detailed treatment might refer to [4].

The types of spaces we will be interested in are Banach and Hilbert spaces, defined
as follows:

Definition 1.1. A Banach space is a normed vector space which is complete with
respect to the metric induced by its norm.

Definition 1.2. A pair (E,(-,-)) is a Hilbert space if the norm, ||z| = \/{x,z) is
complete, or equivalently, (V|| -|) is a Banach space.

Why these two types of spaces? We will see later that completeness and inner product
spaces will be defining features of reproducing kernel spaces. Furthermore, we will use
Banach spaces as the sample space of the Gaussian measures that we consider. More
generally, many of the most widely studied spaces of functions are Banach spaces and
viewing them as Hilbert spaces allows us to consider them in ways similar to euclidean
spaces of vectors in R” that one encounters in a standard linear algebra course.

We will also make use of the dual spaces of Banach spaces, defined below.

Definition 1.3. Let (E,|| - ||) be a Banach space. The topological dual space or
simply dual space of E/, denoted E* is defined as

E*={p: E—R: ¢ is continuous and linear}

The definition above assumes that R is the field of scalars underlying the vector space,
E. At other times, this field may be C instead. It should also be noted that frequently
E will be a space of functions and so E* will be a space of functionals, or maps from
functions to the scalar field. A special property of Hilbert spaces is that their duals are
also Hilbert spaces. Thus we get a natural inner product and completeness of the dual
of any given Hilbert space as a result of the Riesz-Frechet representation theorem which
we state next without proof.



Theorem 1.4. (Riesz-Fréchet Representation Theorem) Let (E,(-,-)) be a
Hilbert space and let ¢ : E— R be a map. Then the following are equivalent:

1. ¢ is continuous and linear

2. There is a unique x € E with ¢(y) = (y,z), Yy € £

The representation theorem says that if you have a continuous linear map on a Hilbert
space, you can write it as an inner product with some unique point in the space. In the
opposite direction, linearity follows simply by the definition of an inner product and
continuity of the inner product can be proven using the Cauchy-Schwarz inequality. We
will use this theorem later when discussing reproducing kernel spaces to show the existence
of a unique reproducing kernel.

Finally, we define a continuous embedding.

Definition 1.5. Let (X,]|-|x), (Y,]-|y) be two Banach spaces with X CY. Then
X is said to be continuously embedded in'Y if the identity map,

d: X—=>Y:z—zx

18 continuous.

We will see later that this property is a necessary aspect of the relationship between
the RKHS and the ambient Banach space in which it resides.

2 Gaussian Measures

The objects of study in this document will be Gaussian measures, denoted N (1, o2).
The reader will likely have encountered the Gaussian (Normal) distribution in an in-
troductory statistics class and Gaussian measures are defined similarly. Recall that the
density for a one-dimensional Gaussian distribution is given by
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In multiple dimensions, if ¥ is positive definite and thus X! exists,
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Note that when we wish to make it clear what p and ¢ are in the density, we will
use the notation, f(x;u,0?). So then what makes a measure Gaussian? It is informative
to consider the one-dimensional case and use this to define the multi-dimensional case.
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Definition 2.1. (Gaussian Measure)

1. A measure, Py, on (R, B(R)) is a Gaussian measure if it is either concentrated
at a point, i.e. Py =0, or has a density of the form, (2.1).

2. A probability measure, P on a space (E,B(E)), is called a Gaussian measure if




for any x € E, 3u € R, 0 > 0, such that

P({y € E: (z,y) € A}) = Pi(A; 1, 07)

What intuition can we take away from this definition? For (R, B(R)), we expect
that a Gaussian measure would measure sets in a Gaussian way, i.e. using a Gaussian
density. And in arbitrary measure spaces with an inner product, a Gaussian measure
should measure one-dimensional projections of points, as a Gaussian measure in (R, B(R))
would.

It can be shown that for a Gaussian measure P with density f(z; i, 0?),
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or one with density f(x;u,0?),
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Thus we refer to p as the mean, o2 as the variance, and X as the covariance of P. A

Gaussian measure with p = 0 will be referred to as symmetric. Next we give the form of
the characteristic function, ¢(z), of a Gaussian measure on R.

Theorem 2.2. A Gaussian measure on R has a characteristic function of the form,
: L 5.
o(t) = exp < iut — 3¢ t

A Gaussian measure on an arbitrary Hilbert space, (E,(-,-)), has a characteristic
function of the form,

o) = oxp {it.n) ~ 30,0

Proof. We will prove the case when n = 1.
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One benefit of using the characteristic function instead of the density is the fact that
the characteristic function exists even when ¥ is singular, while the density does not.
Later we will also use the characteristic function of a Gaussian measure to show weak
convergence.

3 Reproducing Kernel Spaces for Gaussian Measures

In this section, we formally introduce the Reproducing Kernel Hilbert Space for Gaus-
sian measures. This is an important subspace such that any element of the dual space
has a symmetric Gaussian law with variance determined by the norm defined on the
subspace. The details are given below.

Definition 3.1. For a Gaussian measure P defined on a Banach space E, a linear
subspace, H C E with Hilbert norm |-|g is a reproducing (Hilbert) kernel space
(RKHS) for P if H is complete, continuously embedded in E and for arbitrary ¢ € E*,

L) =N (0,]¢l3y)  where  |olg = sup |o(z)]

lzm<1

Let’s dig deeper into this definition. Let H C E be a RKHS and fix an arbitrary
@ € E*. It is a continuous linear map from E — R by definition. Then we can apply
the representation theorem to conclude that there is a unique point h € H such that
o(f) = (h, f)u, Vf € H. The function h is said to be the reproducing kernel for
@. We will refer to this characteristic in general as the reproducing property of the
RKHS. Importantly, we can extend this property to the whole space! Here completeness
and continuity allow us to take sequences of points in the RKHS converging to P-almost
any given point in the ambient space and show that the reproducing property holds more
generally for f € E and ¢ € L*(E,B(E),P).

Remark 3.2. This leads us to the reproducing kernel formula,

/E (h 1) (g,2)5P(dx) = (hg)rr,  hig € H

You might be wondering, “Does this space even exist?” For a Gaussian measure on
a Banach space, it does. In fact, for such measure spaces, it is unique! Below we walk
through Da Prato and Zabczyk’s proof of these facts.

Theorem 3.3. For a Gaussian measure P defined on a separable Banach space, there
exists a unique reproducing kernel space (H, |- |y).

Proof. (Existence): Fix ¢ € E*. Then since any Gaussian measure has finite moments,
¢ € L*(E,B(E),P). Furthermore, for any ¢ € E ', where E denotes the closure of E* in
L?, it is an almost sure limit of functions {¢, },>1 C E* with Gaussian distributions, so

L) = N(0,]¢l72)

Since ¢ is continuous and linear with symmetric law, ¢(0) = 0. Now define the functional
J:E — Fas

J(g) = /E rp(x)P(dx)



Then J is one-to-one and continuous. To see that it is one-to-one, consider the case when
J(p) = 0. Then since ¢ is linear, we can distribute it into J(p). Le.,

0= ot = o ([ aptorpan)) = [ lo(opn)

This implies ¢ = 0 a.s. Similarly, if J(¢) # 0, then

o(J(0) = /E o(x) PP(dz)

and since ¢ is uniquely identified by its L? norm, we may conclude that J is one-to-one.
To see continuity, notice that linearity of ¢ and the integral gives us

T '/E|x|21p>(dx)

I = \ [ sotarpa

/E o(z) *P(dx)

~ gl / 2[P(dx)
E

Notice then for ¢ € E*,
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17(0) = T2 = [E rp(2)P(dz) — /E ()P (dz)
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and J is continuous. Then H = J(FE) is a Hilbert space with inner product,

(). T = [ pla)ii@B(do)
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Then letting |- |y denote the norm in H, we will show that |- |z = |-|z2. For any ¢ € E*,

[¥lr = sup [¢(z)] = sup [¢(J(p))] = sup

|zl m=1 lplp2=1 ol L2=1

/E () (x)P(dx)

|50|L2:1

Then using the Cauchy-Schwarz inequality,

[V < |Y|r2 sup [@lre = []Le

|W‘L2:1

The upper bound is achieved by taking ¢ = /|12, which gives us |¢|g = |¢|z2. Then
we conclude that H is a reproducing kernel space for P.

(Uniqueness): Suppose there is another Hilbert space, H C E, with inner product, (Y iy

bt

= sup [(J(¥), J(¥))n]



which is a reproducing kernel space for P. Let ¢ € E* be arbitrary. By the reproducing
property, 3J¢ € H unique such that Vh € H,

o(h) = (Jp, h) 5, Vh e H

and
T2 = (o, Jo) s /Iw )?P(dz) = |l

In other words, we are denoting the reproducing kernel for a given ¢ € £* in RKHS H
as Jop. Then for p € E* and ¢ € E,

o(T) = (i, T g = / (@) ()P(dr) = p(J(1))

E

Thus J(1) = J(¢) so H is isometrically embedded in H. Now if H # H, 3h € H, with
h ¢ H and h # 0. But for all ¢ € E*,

p(h) = (h, Jp)g =0
This implies that h=0and H=H , which proves uniqueness. |

We will now use the concept of a RKHS to give a result white noise expansions. In
particular, this result shows that a Gaussian measure can be expressed as in terms of
the orthonormal basis elements of its RKHS. Again, we follow Da Prato and Zybczyk’s
proof, filling in details when necessary.

Theorem 3.4. Let P be a symmetric Gaussian measure on a separable Banach space
E and let Hp be its reproducing kernel space. Let {e,} be an orthonormal and complete
basis in Hp and {&,} a sequence of i.i.d. standard normal random variables. Then
Y re i Ekey converges P-a.s. in E and

L (i fkek> —P

k=1

Proof. As before, let E" be the closure of E* in L3(F, B(E),P). Also define the maps,
©n € E*, such that Jp, = e,,Vn > 1. Denote

Pn_£<25k€k), nz=1
k=1

We will prove that {P,} is tight. Let S(z) = z and

N
:ngn(:p Zgon x)J o, r€eEFE
n=1

For ¢ € E*, consider the sequence,

=¢<Z%(fv)en> Zso Pn()en) Zson
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We will show that this sequence is a.s. convergent. Since Vn > 1, ¢, has mean 0 and
variance 1, ¢, (2)¢(e,) has mean 0 and variance |¢(e,)|3;,, ¥n > 1. Then since

n=1

the Kolmogorov two-series theorem implies that ¢(Sy(z)) converges a.s. as N — oc.
Additionally,

£(Jim Sx()) = <Z<pn n>=N<0,\J¢!%P)

Since {p,} is a complete orthonormal basis in E" C L2, for ¢ € E* we have in particular,

Z@n (¢ Pn)r2 = Z@n / on(y)e(y)P(dy) a.s.

in L2. Then using the reproducing kernel formula and representation of ¢,

p(Sz) = o) = Y on(@) (T, Jon)m = Y en(@)plen) = lim @(Sy(z),  a.s.

So for N > 1, linearity of ¢ gives us
Tim_p(S(x) — Sx(2)) = p(S(x) — Sy ()

and independence of S); — Sy and Sy implies that S — Sy and Sy are independent. Now
let IP%/[ denote the distribution of S — Sy;, M > 1. Then

Py« PH =P, M>1

where * denotes the convolution of the two measures. For fixed €, let K be a compact
set with P(K) > 1 —e€. So

P(K) =Py xP3,(K) = /IPM(K — )Py (dr) > 1—¢

Then there must 3z € E such that Py, (K — x9) > 1 —e. Now by symmetry, we have
Py (K — x9) = Py (—K + xp). Furthermore, noticing the following set inclusion,
K—-K

2

(K —x0) N (=K + ) C
monotonicity gives

Pu((K = K)/2) Z Py ((K — 20) N (=K + 29))
By definition, we have

Pu((K = 20)) = Py ((—K + 29)) <€



so subadditivity gives
Par (K — x0)° U (=K 4 0)°) < 2e
which implies
Py((K—K)/2) 2 Py((K —20) N (=K 4+ x0)) > 1— 2¢

Since (K — K')/2 is also compact, we conclude that {P,} is tight. Similarly, one can show
that {P3;} is tight. Based on our earlier work in the section on Gaussian measures, it
can be shown that for ¢ € E*,

. . 1
Be) = [ b = exp {31t |
E

]fDM((p) - /Eew(sMx)de) = exp {—% Z(Jgo,en>HP}

n=1

. 1 &
Pii() = /E e AU B(d) = exp {—5 > (e, >H}

n=M-+1
Thus

~

lim Py (p) =P(p) and  lim Pi(p) =1

M—o0 M —oc0

So any weakly convergent subsequence of {IPy;} has the same limit and thus Py converges
to P weakly. Similarly, {P+,} converges to (o) weakly and thus S — Sy 2 0. This implies
that Sy == S. u
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